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ABSTRACT

Political redistricting is a complex, multi-objective problem that has been extensively studied. One approach to solve this geo-

graphical partitioning problem is to use multiobjective genetic algorithms applied to the adjacency graph of precincts. Following
the work of Vanneschi et al., we develop an algorithm using a Non-Dominated Sorting Genetic Algorithm (NSGA-II) to build
electoral plans in the state of South Carolina. Our work (which we name Cluster-NSGA-II) utilizes a novel clustering approach to
breed children rather than the standard crossover step. We find that this approach is competitive with other similar algorithms in

terms of both solution diversity and Pareto optimality.

1 | Introduction

Political Redistricting is a well-studied problem in which sev-
eral small geographic units (GUs) are partitioned into contiguous
groups, known as districts. Each of these districts then elects one
or more representatives to advocate for their constituents in their
respective legislatures. The way these districts are drawn has a
significant impact on the final election outcome. It is therefore
imperative that districting plans be drawn in a way that does not
unduly disadvantage a group of people.

The goal of this project is to develop an algorithm that generates
districting plans that consider multiple competing objectives. The
objectives we have selected for this project are:

1. Population equinumerosity
2. District compactness

3. Minimizing county splits

Further details about these objectives can be found in Sub-
section 1.2. To account for these objectives, we utilize the
Non-Dominated Sorting Genetic Algorithm (NSGA-II) frame-
work. This genetic algorithm breeds good solutions with one
another to produce other high-quality solutions [1]. Conducting
this procedure over many generations has been demonstrated to
be an effective metaheuristic strategy for solving various complex
problems. Our work in this paper follows many of the ideas intro-
duced in Vanneschi et al. [2]. Our contribution emerges from the
novel clustering approach, which we find to be better tailored for
the context of genetic algorithms. We also increase the number of
objectives considered in [2] from two to three.

This paper is divided into the following sections. In Section 1,
we introduce the problem and the objectives used in the paper.
Section 2 provides an overview for multiobjective optimization.
Section 3 describes the algorithm used in this paper and the
experimental design employed. Section 4 then displays the results
of the experiments, and Section 5 concludes the paper and dis-
cusses potential future work.
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1.1 | Problem Overview

In the United States, nearly every state’s congressional map must
be redrawn every decade to account for changes in popula-
tion. Gerrymandering is the process of creating voting districts
that unfairly advantage one group of people over another. The
problem of creating voting districts that fairly represent their
populations is one of the most well-studied problems in politi-
cal science, and the impulse to remove human bias from redis-
tricting seems a natural one. In fact, the desire to automate
the redistricting process dates back to at least the early 1960s
when Vickrey wrote, “[T]he [redistricting] process should be
completely mechanical, so that once set up, there is no room at
all for human choice” [3]. Since then, numerous attempts have
been made to utilize computers in an effort to automate district
drawing.

It is important to distinguish our work as a project meant to cre-
ate district plans; many other authors study the important, but
very different problem of assessing district plans after they have
been proposed. Early work on this front involved quantifying the
compactness of legislative districts, arguing that noncompact dis-
tricts may be evidence of gerrymandering. In view of this, many
authors developed “compactness tests” to pinpoint gerrymander-
ing (e.g., [4-6]). Other authors have sought to uncover gerry-
mandering with political fairness tests. These tests use previous
voting data as an estimate for future voting patterns. Based on
these predictions, authors develop objectives to determine how
‘fair’ a district plan is. Tests such as median-mean [7], efficiency
gap [8], and partisan asymmetry [9] all fall into this category
of work. Ultimately, many significant studies aim to assess the
fairness of a district plan by comparing it to a range of reason-
able alternative plans. Ideally, we would enumerate every pos-
sible districting plan and compare the proposal to the universe
of options, but the number of legal districting plans is incom-
prehensibly large, making any enumerative strategy effectively
impossible.

In contrast to studying gerrymandering ex post facto, our work
focuses primarily on eliminating the gerrymander before it can
emerge. Many works before us have sought to create district
plans using computer automation in some way or another. Sev-
eral authors utilize Voronoi approaches (a technique designed
to divide many data points into clusters) to create compact
districts of relatively equal populations (e.g., [10-12]). A vari-
ety of metaheuristic techniques have been attempted, includ-
ing simulated annealing, tabu search, and old bachelor accep-
tance, among others. Most of these approaches optimize a sin-
gle weighted-sum objective function that consists of one or more
objectives intended to indicate a good districting plan. See for
example [13-15].

Other authors have sought direct integer programming (IP)
approaches. This work began in 1965 with Hess et al. [16], who
worked to optimize compactness through geometric calculations
of moment of inertia. This work modeled a hypothetical IP to
solve this problem without actually solving it. In 1983, Birge
formulated a quadratic program to minimize the number of
county splits [17]. This work was later eclipsed by Shahmizad and
Buchanan [18] in 2023 when they found the optimal county split

value for every state. Recently, Swamy et al. utilized a multilevel
clustering approach to improve political metrics and compact-
ness [19]. Finally, Belotti et al. optimized Polsby-Popper compact-
ness by utilizing advances in mixed-integer programming soft-
ware using counties as geographic units in 2025 [20].

Our work focuses more closely on genetic algorithms, particu-
larly NSGA-II. Several authors have utilized this algorithm on the
redistricting problem, including [2, 21-23]. We follow the work
done by Vanneschi et al. in 2017 [2] somewhat closely as we build
our algorithm.

The general idea behind genetic algorithms is to combine (or
breed) the qualities of two feasible solutions into a third solution
(a child), with the hope that the child produces better objectives
than either parent. Some children undergo “mutations” to better
explore the state space.

1.2 | Objectives

The objectives used in this project are described below. We utilize
some subset of these objectives when performing experiments.
Every objective is minimized, and every objective is assigned a
user-specified upper bound; our algorithm rejects any plan that
has an objective exceeding its upper bound.

Population equinumerosity is the principle that all districts in a
plan should have equal populations. This is a well-established
standard, as the Supreme Court of the United States has declared
in numerous cases that the “one person, one vote” doctrine
applies to both congressional plans and state legislative plans
[24-26]. In this project, we achieve population equinumerosity
by minimizing the sum of each district’s population deviation
(PD) from the ideal population. Equation (1) details the calcu-
lation for this objective.

PD=Y|p, -1 €))

ieD

Here, D is the set of districts, p; is the population of the ith district,
and 7 is the ideal population of a district and can be calculated as

1
1= Dl ZiED bi-

District compactness is generally acknowledged as a necessary
constraint to discourage gerrymandering. Broadly speaking, a
district is compact if it is tightly packed, meaning it is not spread
out far geographically. There are various ways to measure a dis-
trict’s compactness, including those that consider the district’s
geometry, those that examine the distribution of people, and
those that rely on the underlying graph. We direct the reader
to [27] for a more comprehensive view of several compactness
measures. In this project, we utilize Polsby-Popper compactness,
a geometric measure that calculates the ratio of a district’s area
to the area of a circle with the same perimeter as the district.
However, any other compactness measure should also work well
in our algorithm. Because we minimize the various objectives,
we calculate the shifted Polsby-Popper (P P,) score, detailed in

Equation (2).
4r A,
PP, = 1 1- % )
|D| ieD ri
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Here, A, is the area of the ith district and r, is the perimeter of the
ith district.

A county split (C.S) occurs when a county is split between two or
more districts. Because counties often share a sense of commu-
nity (due to shared laws for their citizens), it is desirable to avoid
splitting counties into multiple districts. Moreover, many legisla-
tive bodies make this constraint a high priority to avoid voter
confusion. In this paper, we calculate the number of county splits
by subtracting the minimum of the number of counties C and dis-
tricts D from the number of county-district intersections (CDI),
as detailed in Equation (3). We seek to minimize this quantity.

CS = CDI - min(|C|, | D) (3)

2 | Multiobjective Optimization

Multiobjective Optimization is the study of simultaneously opti-
mizing two or more objectives subject to one or more constraints.
Formally, without loss of generality, a multiobjective problem can
be modeled as:

min  [fy, for -0 S

s.t. [constraints] @

where { f,.}f=1 are the objective functions. In contrast to
single-objective problems, multiobjective problems do not gener-
ally have a single solution x* that optimizes all objectives simul-
taneously. Instead, a set of solutions is considered optimal if
there is no solution that can improve at least one objective value
without worsening any other objective. For instance, consider a
two-objective (also known as biobjective) minimization problem,
with objectives f; and f,. The optimal set of solutions is known
as the Pareto front and is deemed to be Pareto optimal. Figure 1
shows a sample objective function space for such a problem.

We say that an outcome y* dominates outcome y? if y' < y? for
all objectives i € [n] and that for at least one objective i*, y}* <
y%. We further say that y? is dominated by y'. If neither y' nor
y? dominates the other, then we say that the two outcomes are

f
X
° x ®Pareto front
: " xNon optimal outcome
[ x x
- ., <, £
X X
X
[ ] X X
o x
%.
.
fi
FIGURE1 | Biobjective optimization problem objective function
space.

nondominated with respect to each other. The Pareto front will be
the set of outcomes that are nondominated with respect to each
other and are not dominated by any other outcome.

Obtaining exact solutions for multiobjective problems is both
possible and well-studied (see, e.g., [28]). In this project, however,
due to the sheer quantity of feasible solutions, we focus on meta-
heuristic techniques. To assess the efficacy of the approach, we
utilize a hypervolume metric.

Hypervolume is a widely used metric for assessing the perfor-
mance of a set of multiobjective outcomes. The hypervolume
indicator measures the volume of the objective space dominated
by a given set of outcomes, relative to a reference point.

Consider Figure 2. The area of the region bounded “northeast”
of all outcome points but “southwest” of the reference point rep-
resents the hypervolume of this set of outcomes. If a new out-
come is found (y* in the figure) that dominates (or is nondomi-
nated with respect to) one or more outcomes previously in the set,
then the hypervolume increases, since the area grows. As such,
any algorithm that gradually finds more nondominated outcomes
should have a monotonically increasing hypervolume function.

There are several important notes to make about this calculation:

« This can be easily extended into higher dimensions if there
are more than two objectives.

« All objectives are minimized in this example. It is therefore
important that there is an upper bound for each objective;
for without one, no reference point could be reliably plot-
ted. One way to ensure this is to reject any outcomes with
objectives exceeding a predetermined upper bound.

« Itis wise to scale each objective so that they are all of similar
magnitude. For instance, if ; has an upper bound of 10° and
/> has an upper bound of 1, then improvements to f, would
have minimal impact on the hypervolume.

« The choice of a reference point can be impactful. Choosing
a reference point far northeast of the region would produce

Reference point

A

FIGURE 2 | Hypervolume increases after finding a new nondomi-

nated outcome y*.
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minimal improvements to hypervolume compared to the
current area of the region. A standard choice for the ref-
erence point is (1.1, ...,1.1) if each objective has an upper
bound of 1. Ishibuchi discusses additional considerations for
choosing a proper reference point [29].

3 | Methods

3.1 | Previous Approaches

Vanneschi et al.’s algorithm uses NSGA-II and a Variable Neigh-
borhood Search to perform political redistricting [2]. For brevity,
we will refer to Vanneschi’s algorithm as VNSGA-II from now on.
VNSGA-II is summarized in Algorithm 1.

ALGORITHM 1 | VNSGA-II for political redistricting [2].

In general, the philosophy behind genetic algorithms is that if
you select two solutions to be parents, combining the “genes” of
the parents often produces even better children. In Algorithm 1
(and all other NSGA-II redistricting works to our knowledge), we
notice that there is nothing inherently valuable about the genes of
the parents. In the example detailed in Algorithm 1’s step 2, there
isnoreason to believe that the 225th GU being assigned to district
2 influences (positively or negatively) the quality of the solution.
However, we argue that there is inherent value in determining
which GUs should be clustered together in the same districts.

To illustrate our point, consider the example graphs in Figure 3.
Suppose each node represents a GU, and an edge is present if the
GUs have a nonzero-length boundary. The color (and pattern)

Input:
n: population size
g: number of generations to run algorithm

G = (V, E): Geographic Unit (GU) graph with vertex set V' and edge set E

d: number of districts to create

t: number of plans to choose for tournament selection
u: mutation probability

Py ns: Probability to use variable neighborhood search

1: Randomly generate n feasible plans and add them to a set P. This is achieved by selecting d random nonadjacent nodes as the centers
of the districts. Then choose a random district D to expand. Add all unassigned nodes surrounding D to D. Repeat until all nodes

are assigned.

2: Encode each plan as an array s with length equal to the number of GUs. The ith element of this array describes the district to which
the ith GU is assigned. For example, s[225] = 2 would mean that the 225th GU is assigned to district 2.

3: while gen < g do

4: Create an empty set P’ which will contain the children of this generation.

5: while | P’ |< ndo

6: if | P’ |< 0.6n then perform crossover:

7: Select two plans s, and s, in P to be the parents using tournament selection (described in lines 8-12).
8: for each parent do

9: Randomly select ¢ plans from P.

10: Among those 7 plans, pick the plan(s) with the lowest rank (closest to the best front)

11: If more than one plan is selected, choose the one closest to the median plan of the front.

12: end for

13: Breed these two parents together to create two children s{ and s’,.

14: For some GU i, let s,[i] = D, and s,[i] = D,.

15: Pick a random crossover point c (i.e., pick an integer between 1 and | V' |)

16: Breed child 1: s := s, except for each GU i < ¢, s][i] := D, if contiguity in s/ is not violated.
17: Breed child 2: s, == s, except for each GU i > c, s}[i] := D, if contiguity in s/, is not violated.
18: Add s} and s, to P’

19: else if | P’ |< 0.9n then perform mutation:

20: Randomly select a plan s € P. Set s’ := s.

21: In s’, randomly swap up to u | V' | GUs to neighboring districts, ensuring contiguity isn’t violated.
22: Add s’ to| P |.

23: else perform copying:

24: Randomly select a plan s € P. Add sto | P’ |.

25: end if
26: end while

27: Perform a variable neighborhood search (VNS) on p;, v ¢ - # plans.
28: Among all plans in P U P’, build Pareto fronts according to the objective evaluations.
29: Calculate the crowding distance for each of the plans.

30: Add the best n plans to a set P”’. Empty P and P’. P « P”. Empty P".

31: gen < gen+1
32: end while
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FIGURE3 |
correspond to different districts.

of the nodes represents the districts to which they are assigned.
Letting the blue (starred) nodes correspond to district 1, red (diag-
onally lined) nodes correspond to district 2, and yellow (pattern-
less) nodes correspond to district 3, previous NSGA-II approaches
encode the parents as arrays:

s =

3 2 38 2 2 3 1 2 2 3 1 1 1 1 3
§2 =

1 2 3 4 5 ¢6 7 8 9 10 11 12 13 14 15

If we arbitrarily set the crossover point to be 3, then to create child
1 s’l, we iteratively check through the indicesi = 1,2,3 from s, and
see if they can change district to s,[i] without violating contiguity.
More precisely, we observe that:

» 5.[1] =1 currently. We check to see if changing s,[1] to
3 causes any discontiguity. From Figure 3, we notice that
node 1 cannot turn yellow, else the yellow district would be
discontiguous.

» 5,[2] =1 currently. We check to see if changing s,[2] to
2 causes any discontiguity. From Figure 3, we notice that
node 2 cannot turn red, as the blue district would be
discontiguous.

» s5,[3] = 2 currently. We check to see if changing s,[3] to 3
causes any discontiguity. From Figure 3, it does not create
a discontiguity, so s/ is identical to s, except s,[3] = 3.

The issue here is that s} is not “inheriting” any traits from s,.
Most NSGA-II efforts effectively implement arbitrary GU flips to
generate new plans. Even if the objectives evaluated for both par-
ents are strong, there is no reason to believe that this crossover
generates children with strong objectives themselves.

VNSGA-II utilizes a variable neighborhood search (VNS) in step
27 of Algorithm 1. This is where most of the plan improvement

An example of two potential parents. Each node represents a GU, and each edge signifies that those GUs are adjacent. Node colors

occurs. To summarize, VNS seeks to optimize a plan by repeatedly
applying hill climbing with respect to different neighborhood
structures {N i}?:r Each structure defines the type of perturba-
tion that can be performed to get from one plan to another. The
neighborhood structures are:

« N;: GU flips! that improve population balance

» N,: GU flips that improve compactness

« N;: GU swaps? that improve population balance

+ N,: GU swaps that improve compactness

iy

All neighborhood structures further require that all districts
remain contiguous after the perturbation. With predetermined
probability p, ¢, VNS performs the following steps on a plan s
for each neighborhood structure N;:

1. Select a solution s from the current population P.

2. Generate a solution s’ by making a legal perturbation
according to N;. This perturbation need not improve the
plan’s objectives.

3. Apply hill climbing? on s’ using legal perturbations accord-
ing to N, to create s”'.

4. If s improves upon N,’s objective, then set s := 5.

It is important to note that VNSGA-II does not explicitly aim to
minimize the number of county splits. As we will see in Subsec-
tion 3.2.4, Cluster-NSGA-II improves upon VNSGA-II by consid-
ering this third objective.

3.2 | Our Approach

In contrast to previous works, we employ a novel clustering
approach that more effectively models the theme of genetic algo-
rithms. Broadly speaking, we group several neighboring GUs
together into “clusters” and use those clusters as building blocks

Networks, 2026



ALGORITHM 2 | Our approach to NSGA-II.

Input:
g: Number of generations
u: Mutation probability
n: Population size
d: Number of districts
U Upper bounds for each objective
G = (V, E): GU graph with vertex set V" and edge set E
1: Build n random cluster graphs on the graph G.
2: Build a district graph on each cluster graph
3:gen <0
4: while gen < g do
5:  Crossover. Breed # child cluster graphs using a crossover path.
Mutation. Mutate u - n children.
Create district plans on these child cluster graphs.
Evaluate the objectives on all 2x plans in generation gen.

AR A

> See Subsection 3.2.1

> See Subsection 3.2.2
> See Subsection 3.2.3
> See Subsection 3.2.4

: Sort the 2n plans into ranked fronts, with the rank 1 front being the current approximated Pareto Front.

10: Assign the best n plans (according to front rank) to be the potential parents of the next generation. Use the crowding distance
to determine the worst entrants to the next generation. Both the district graph and cluster graph are maintained through the next

generation.
11: gen « gen+1
12: end while

> See Subsection 3.2.5

for the districts. The fundamental premise of this approach is that
if a cluster of GUs helps create a “good” district, then it survives
from generation to generation. A rough sketch of our approach
can be found in Algorithm 2.

3.2.1 | Clustering

Our approach utilizes a novel clustering approach, where we
cluster several nearby GUs together to form the building blocks
for districts. If this grouping of GUs helps create quality districts,
these clusters are preserved generation to generation. The moti-
vation for this approach emerges from the observation that it is
much easier to create compact districts if the underlying building
blocks (i.e., the clusters) are compact as well.

To demonstrate a cluster graph example, consider the graph in
Figure 4. There are six clusters in Figure 4, each represented by a
unique color. In our code, clusters are constructed with anywhere
between two and six GUs. The range of two to six GUs was deter-
mined experimentally. It was found that modifying this range did
not significantly impact the outcomes. The districts are then built
using these clusters. For example, if the cluster graph in Figure 4
has three districts, then those districts may contain the following
GUs:

o District1: GUs 1, 2, 3, 4, 5,8, 9

« District 2: GUs 6, 10, 14, 15, 19, 20, 21

« District 3: GUs 7, 11, 12, 13, 16, 17, 18
In this algorithm, cluster graphs are created using the procedure
outlined in Algorithm 3. The process by which districts are cre-

ated on the underlying clusters is explained further in Subsec-
tion 3.2.4.

FIGURE4 |

An example of a cluster graph.

3.2.2 | Crossover

When performing the crossover step of NSGA-II, we start by ran-
domly selecting two parents s; and s, from the current genera-
tion. Each parent is a cluster graph—that is, an assignment of
GUs to clusters (as explained in Subsection 3.2.1). Even if the
parent has a district plan imbued into it, that district plan is not
considered during crossover. Then, on the underlying graph G,
we split G into two subgraphs H; and H, in the following way:

1. Choose a random boundary GU u (a GU that has a
nonzero-length boundary with the border of the state).
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ALGORITHM 3 | Building a cluster graph.

Input:
GU graph G = (V, E) with vertex set V' and edge set E
1: while there exists an unassigned GU € V do

2: Choose a random unassigned GU to serve as the center
for a new cluster C.
3: Assign this cluster C a random maximum size M.

between 2 and 6.

while the number of nodes in C is less than M. do
Find all unassigned neighboring GUs of C and choose
one randomly to add to this cluster. We disallow clusters
from crossing county lines.

6: If there are no unassigned neighboring GUs of C, adjust

M. to be the current size of the cluster.
7: end while
8: end while

DANES

2. Determine the shortest graph distance ¢, between u and
every other boundary GU v.

3. Assign a weight w,, to each (u, v) pair, where w,, = (fw)z.

4. Usinga random weighted selection,* pick v. Let the shortest
path between u and v be described as the crossover path.

5. Let H, and H, be the subgraphs of G on either side of the
crossover path. Randomly choose either H; or H, to include
all nodes in the crossover path. If the number of subgraphs
is not exactly two, reselect u and v from step 1. If the number
of nodes in H, or H, is less than 20% of the total number of
nodes, reselect # and v from step 1.

The weighting performed in step 3 is designed to incentivize
the creation of larger subgraphs. If one subgraph is significantly
smaller than the other, then the genes of the parents mix less,
which is what we seek to avoid.

Now, for each cluster C in s,, if C is a subgraph of H, (i.e., C C
H,), then the child s” adopts cluster C. Similarly, for each cluster C
ins,,if C C H,, then s’ adopts cluster C. For any GUs that remain
unclustered in s’, assign them as singleton clusters. To demon-
strate this concept, consider Figure 5. The parents s, and s, breed
a child s’ by splitting their clusters along the crossover path.
H, was randomly chosen to contain all nodes in and above the
crossover path, while H, contains all nodes below the crossover
path. In any given generation, » children are created from 2n ran-
domly chosen parents in the generation, where n is the popula-
tion size. Therefore, in any given generation, there are 2n cluster
graphs (n parents and » children).

3.2.3 | Mutation

In our algorithm, mutation occurs in several ways. Denote the
mutation probability as 4 and the population size as n. After the n
children are bred using crossover, we mutate un children (round-
ing to the nearest integer). There are three operations that are
performed on the children:

1. Merging a GU into a neighboring cluster that it is not cur-
rently a part of.

2. Splitting a GU that is currently part of a cluster into a sin-
gleton cluster.

3. Using recombination to recreate two districts.

Regarding the first two operations, if a child has been designated
as one to be mutated, we then randomly pick |u|V'|] of the GUs
to mutate (where V is the set of GUs in the graph G). For each GU
designated for mutation, we randomly decide whether it will be
merged into a neighboring cluster or whether it will be split into
a singleton cluster. If the GU selected is already a singleton clus-
ter, then it will be merged into a neighboring cluster. Each time
a GU is selected, we first must check whether removing the GU
from the cluster causes the cluster to become discontiguous. If so,
then we skip that mutation. Further, merges that create clusters
crossing county lines are prohibited.

The third mutation operation occurs only after districts are cre-
ated. See Subsection 3.2.4 for details.

3.2.4 | District Plans

After the mutation step, we then create district plans for the
n children. The process by which districts are constructed
emphasizes population equality, compactness, and preservation
of county boundaries. This procedure also rejects district plans
where the objectives are too large. Those upper bounds can be
specified by the user. For each child, d districts are created using
the procedure outlined in Algorithm 4. Each district would ide-
ally have a population of 7 := 5, where P is the total popula-
tion of the state. The code forces each district to have a pop-

gen/g
ulation in the interval [£, U], where £ = 0.5 % T * <@) ,

0.5
gen/g
, and gen represents the current gener-

U=15+1% (%)
ation number. Effectively, the population bounds at generation 0
will be [0.5Z, 1.57] while the population bounds at the final gen-
eration g will be [0.99Z, 1.01Z]. The values of £ and U follow
geometric sequences and are inspired by temperature reduction

schemes in the metaheuristic approach of simulated annealing.

Population equality is encouraged because, as the districts grow,
those with lower populations have a higher probability of being
chosen to expand. Compactness is emphasized by weighting
the surrounding clusters proportionally to their boundary length
with the district. This procedure reduces the likelihood of small
offshoots emerging from the district. The code discourages coun-
ties from splitting into multiple districts by allowing only a 10%
chance of a district “breaking into” a new county, as described in
step 6. Further, if in this step, the percentage of clusters assigned
has exceeded 50%, 60%, 70%, 80%, 90%, or 95% for the first time,
the code will examine all subgraphs of unassigned clusters to
determine whether any of those subgraphs are enclaves® of a sin-
gle district. If so, then all of those unassigned nodes are assigned
to that district. This effectively fills in the unassigned holes.
Example enclaves and a nonenclave are shown in Figure 6.

After districts are created, on any plan that was previously
mutated, we perform another step of mutation by recombining
two districts in the plan. The concept of recombination (ReCom),
first introduced by DeFord et al., is a way to perturb a district

Networks, 2026



s’ after adopting sq’s clusters s’ after adopting s,’s clusters s’ after assigning remaining

(strictly) below crossover path (on or) above crossover path GUs as singleton clusters

FIGURES5 | Crossover steps.

ALGORITHM 4 | District building.

Choose d clusters to be the centers for district creation:
1: Choose ten sets of d clusters randomly. Each set is a candidate to become the set of centers. These centers will be the seeds from
which the d districts will grow.
2: Select the set of centers that maximizes the minimum distance between any two centers. This helps ensure that districts are spread
apart.
Choose a district to grow and append a cluster to it:
1: while Any cluster is unassigned and at least one district is eligible to grow do
2: Assign each district a weight that is inversely proportional to the current population of the district.
Based on these weights, use a weighted random selection to designate the district D that will grow.
Assign a new weight to each unassigned neighboring cluster of D that is proportional to its boundary length with district D.
Use a weighted random selection to designate the cluster C that might be appended to district D.
Let the set of counties occupied by district D be D.. Let the county for cluster C be C.. If C. € D, then append cluster C
to district D. If C.&D, then append cluster C to district D with 10% probability. If this cluster is not appended, then restart
from step 5.
7: If p;, > U, then remove district D from the list of districts that are eligible to grow.
If it is found that no unassigned clusters exist around district D, remove D from the list of districts that are eligible to grow.
9: If in this step, the percentage of clusters assigned has exceeded 50%, 60%, 70%, 80%, 90%, or 95% for the first time, then
determine whether any of the partially-built districts have unassigned enclaves in them. If so, then assign all clusters in
the enclave to that district.
10: end while
11: If this approach failed to assign every cluster to a district or if any district had a population less than L, restart this procedure
by choosing ten new sets of centers.
12: Calculate all objective values for the plan.
13: If any objective exceeds the upper bound defined by the user, reject the plan and restart the procedure by choosing ten new
sets of centers.

SANRANE
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Not an Enclave

Enclaves

FIGURE6 |
unassigned.

An example of enclaves and nonenclaves. Gray nodes are

graph by combining two districts together and then redistributing
the nodes of this graph into two new districts [31]. Our algorithm
utilizes ReCom in the following way:

1. On a plan designated for mutation, find two neighboring
districts, where one has a population above the ideal pop-
ulation and the other has a population below the ideal pop-
ulation.

2. Perform ReCom on these two districts using clusters as the
nodes, ensuring that the resultant assignment of districts
forces both districts to be within 5% of the mean population
of the two districts.

This procedure helps to decrease the population deviation of
the plan.

3.25 |
Distance

Nondominated Sorting and Crowding

The remaining steps in our algorithm follow the standard
NSGA-II procedure closely. After district plans are created for the
n children, we then decide which » of the 2n candidate plans are
brought to the next generation. Let f;; correspond to the ith objec-
tive value from the jth plan. We say that plan s; dominates plan
s; if fy; < f;, for all objectives i, and that for at least one objec-
tive i*, we have f.; < f.; . We say that a plan s is nondominated

if there is no other plan that dominates it.

Utilizing some subset of the objectives mentioned in Subsec-
tion 1.2, we rank the 2n plans into fronts based on their status
of domination. All of the nondominated plans are placed in rank
1; all plans that are dominated only by plans in rank 1 are then
placed in rank 2, and so on until all plans have a rank.

Then the best n plans (i.e., the n plans with the best rank) are
designated to survive to the next generation. If a front must be
split up to determine which plans survive, then we choose the
plans that are the most diverse. To accomplish this, we calculate
the crowding distance (cd) for all plans in the front that must be
split up, as shown in Algorithm 5. Then, if x plans must be chosen
from front F, we choose the x plans with the highest crowding
distance to survive to the next generation. This ensures that the
population is as diverse as possible.

ALGORITHM 5 | Crowding distance.

: Initialize cd; = 0 for each plan j in front F
: for each objective i do

1
2
3:  Sort the j plans in ascending order based on objective i
4: cd,, cle‘ «— o

5

r< fup— fi > This is the range of
objective i
if r = 0 then
r<1
end if
forj=1- | F|-1do
10: cd; —cd; + —f‘““’:f‘“’“
11: end for
12: end for

© ® 3

Once the n plans are designated to survive to the next gener-
ation, we maintain their clustering assignments and their dis-
trict assignments. When breeding children, the parents’ cluster-
ing assignments are used in the crossover step, but the parents’
district assignments are not considered when breeding children,
as explained in Subsection 3.2.2.

This overall algorithm repeats until we have reached the prede-
termined number of generations.

4 | Results

41 | Experimental Design

To assess the efficacy of this program, we perform three experi-
ments with 30 trials each. Those experiments are as follows:

1. Cluster-NSGA-II

2. VNSGA-II with Vanneschi’s
(VNSGA-II VI)

initialization strategy

3. VNSGA-II with our initialization strategy (VNSGA-II SI)

To be precise, Experiment 2 performs VNSGA-II as defined in
Algorithm 1. Experiment 3 modifies Algorithm 1 by replacing
the district initialization step with the district building algorithm
we present in Algorithm 4.° Each trial runs the respective
algorithm once.

Our code seeks to find Pareto-optimal solutions using popula-
tion deviation (P D), shifted Polsby-Popper compactness (PPS),
and county splits (C.S). Meanwhile, VNSGA-II seeks to optimize
population deviation and compactness. See Section 1.2 for a pre-
cise calculation of each objective. For the sake of comparison,
county splits are tracked in both experiments of VSNGA-II, even
though the code makes no explicit effort to optimize them. In
each experiment, every trial will contain a nondominated list of
plans with respect to its optimized objectives. Then, among the
amalgamated list of plans from the 30 trials, we find all nondom-
inated plans. The final list of nondominated plans for each of the
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experiments can be found in Tables A1-A3 in Appendix A. The
amalgamated Pareto sets for the three experiments will hence-
forth be referred to as Py, Py ;, and Py g;.

All trials run for 200 generations (g = 200). The mutation prob-
ability u is set to 0.3 for all experiments. We have found a popu-
lation size of n = 75 ensures that no nondominated solutions are
lost over the course of the algorithm.

Each objective has an upper bound to ensure that absurd plans
aren’t being considered at any point during the algorithms. These
upper bounds are also essential for the sake of calculating hyper-
volume. The upper bounds used in this experiment are:

« Population Deviation: PD < 0.4P, where P is the popula-
tion of the state. In our data, P = 5,118,425.

Shifted Polsby-Popper Compactness: PP, < 0.90909 (=
inverse Polsby-Popper score < 10).

County Splits: C.S < 50.

For each generation, all objectives are scaled by their respec-
tive upper bounds so that they have the same relative impact
on the hypervolume. The reference point is then placed at
the coordinate (1.1, 1.1, ...). We also compare our results to
the actual 2024 South Carolina congressional plan, pictured
in Figure 9.

4.2 | Experimental Results

We find that the best metric for comparing the algorithms is
hypervolume, with respect to all three primary objectives: pop-
ulation deviation, compactness, and county splits. The hyper-
volume for the amalgamated Pareto set in each experiment
is displayed in Table 1. Cluster-NSGA-II’'s hypervolume far
exceeds either instance of VNSGA-II, showcasing the improved
results.

While Vanneschi’s code produces high-quality plans with respect
to population deviation and compactness, it fails to produce plans
with small values of county splits, which is why the hypervol-
ume metric falters for VNSGA-II. Two sample plans are displayed
for Vanneschi’s work in Figure 9 and their objective values are
recorded in Table 4.

While performing VNSGA-II in experiments 2 and 3, we noticed
that the algorithm produces many similar-looking plans. In light
of this observation, we chose to quantify the similarity of the
plans to argue that Cluster-NSGA-II produced a larger diversity
of outcomes.

TABLE1 |
set.

Hypervolume of each experiment’s amalgamated Pareto

Experiment Hypervolume

1: Cluster-NSGA-II 0.39
2: VNSGA-II VI 0.25
3: VNSGA-II SI 0.25

The similarity between two plans is measured in the following
way: Two plans are said to be identical if all GUs are assigned
to the same districts in each plan, after an optimal district
relabeling.” For instance, two plans with the same GU-district
assignment except with districts 1 and 2 swapped are considered
identical. If, after an optimal district relabeling, two plans with
| V' | GUs differ by d GU assignments, then the similarity score
between the two plans is given by ﬁ The similarity score for a
trial represents the average similarity score among all pairs of
plansin the Pareto set of the trial. We argue that it is desirable that
an algorithm have a low similarity score for each trial, to ensure
that the plans are sufficiently diverse.

For each experiment, we then average the similarity score for
the 30 trials. The similarity score for each experiment can then
be found in Table 2. We argue that Cluster-NSGA-II produces
a larger diversity of plans compared to that of VNSGA-II VI
or VNSGA-II SI, providing potential policymakers with better
options for redistricting. Tables detailing the similarity scores for
each trial in each experiment can be found in Tables A4-A6 in
Appendix B. Subjecting these data to a Friedman’s test results in
rejection of the null hypothesis that the algorithms perform the
same, at the 0.001 level. Furthermore, pair-wise Wilcoxon tests
result in rejecting the null hypothesis that each algorithm per-
forms the same, again at the 0.001 level. The box plots of the
similarity data are consistent with these statistical test results
(See Figure 7) supporting our general interpretation that the
Cluster-NSGA-II performs best of these algorithms.

It is notable that the standard deviation for Cluster-NSGA-II is
remarkably low. This suggests that each trial in Cluster-NSGA-II
has a similarity score very close to 62.31%. We speculate that this

TABLE2 |
each experiment.

Similarity scores among all pairs of plans in every trial for

Experiment Mean similarity score Std. dev.

1: Cluster-NSGA-II
2: VNSGA-II VI
3: VNSGA-II SI

62.31%
82.34%
92.49%

0.70%
9.73%
8.57%

1.00 4

0.95 4

0.90 4

0.85 4

0.80 4

performance

0.75 8
0.70 4

0.65 -

T
Cluster NSGA-II

0.60 -

T T
VNSGA-II-VI VNSGA-II-SI

FIGURE 7 | Boxplots of the similarity data for each algorithm.
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TABLE3 | Mean run times for each experiment.
Experiment Mean run time (s) Std. dev. (s)
1: Cluster-NSGA-II 53372 4445
2: VNSGA-II VI 108419 10465
3: VNSGA-II SI 120701 21842

]
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120000 A

=

100000 A

=

Run-time (seconds)

80000 -

60000

40000 -

T T T
Cluster NSGA-II VNSGA-II-VI VNSGA-II-SI

FIGURE S8 | Boxplots of the run-time data for each algorithm.

consistency is due to the large Pareto set size of Cluster-NSGA-II,
which ranges from 16 to 48, resulting in between 120 and
1128 plan comparisons. When comparing large sets of diverse
plans, it seems that the average similarity among those plans
converges to around 62.31%. In the VNSGA experiments, the
small Pareto set sizes (ranging from 4 to 33) cause wide variety
in the similarity scores, explaining their larger deviation from
the mean.

The mean run times for each experiment are reported in
Table 3. The precise run times for each trial are also reported
in Tables A4-A6 in Appendix B. We find that Cluster-NSGA-II
runs significantly faster than either version of VNSGA-II. Subject-
ing these data to a Friedman’s test results in rejection of the null
hypothesis that the algorithms use the same computational time,
at the 0.001 level. Furthermore, pair-wise Wilcoxon tests result in
rejecting the null hypothesis that each algorithm uses the same
computational time, at the 0.001 level for the tests involving the
Cluster-NSGA-II, while the p value for the test comparing the
two variants of the VNSGA. The box plots of the run-time data
are consistent with these statistical test results (See Figure 8).

Profiling the VNSGA-II approach reveals that the variable neigh-
borhood search expended the most time while running. We leave
open the possibility that this code could be more efficient with
better implementation. Together, the similarity score findings
and the run-time findings support the interpretation that the
Cluster-NSGA-II algorithm performs best of these algorithms on
the South Carolina data.

We now display three high quality plans produced by our
approach and compare them to the 2024 implemented congres-
sional plan in South Carolina. We also provide one representative
plan from VNSGA-II VI (experiment 2) and one representative
plan from VNSGA-II SI (experiment 3). This comparison can be
found in Figure 9. Table 4 details the objectives for the six plans.
The 2024 congressional plan is nondominated with respect to the
Pareto set of plans for Cluster-NSGA-II Py. This suggests our
method can produce plans that are as good as real-world plans
created by the South Carolina legislature. It is worth mentioning
that all plans pictured here have a deviation from ideal population
less than 2%.

5 | Conclusion and Future Work

Overall, we conclude that utilizing genetic algorithms, partic-
ularly NSGA-II, has promise for optimizing various objectives
when making districting plans. We show that utilizing a novel
clustering technique can be an effective tool for building districts,
and that it follows the theme of genetic algorithms closely. Our
work also expands the set of objectives considered in [2] by incor-
porating county splits in addition to population deviation and
compactness.

Future work for this project may include the following improve-
ments or changes:

« Itremains to be seen whether the objectives could be lowered
further with more generations. Due to time constraints, this
code needed to terminate at generation 200, but the overall
trend of the hypervolume graphs suggests that local optima
were not yet reached.

« Other objectives, such as similarity to previous plans, group-
ing communities of interest, and adherence to the Voting
Rights Act, could still be included and measured as part of
a multiobjective framework.

« We used South Carolina as a test case in these examples;
future work could include testing on larger states with more
districts.

Networks, 2026
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2024 Congressional Plan Cluster-NSGA-II Trial 12, Plan 19

VNSGA-II VI, Trial O, Plan O VNSGA-II SI, Trial 4, Plan O

FIGUREY9 | Comparison of 2024 Congressional Plan to Plans Found From Cluster-NSGA-II and Plans Produced by VNSGA-II.
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TABLE4 | Comparison of objectives between Current Congressional Plan, NSGA-II Plans, and VNSGA-II Plans.

Plan PD PP, CS
2024 Congressional Plan 14136 0.785 10
Cluster-NSGA-II, Trial 12, Plan 19 7689 0.758 19
Cluster-NSGA-II, Trial 20, Plan 1 56751 0.725 8

Cluster-NSGA-II, Trial 28, Plan 5 77869 0.691 11
VNSGA-II VI, Trial 0, Plan 0 7901 0.7 33
VNSGA-II SI, Trial 4, Plan 0 3839 0.708 29
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Endnotes

1A flip is defined as a perturbation that changes the district number of a
GU on a district boundary to the neighboring district’s number.

2A swap is defined as a perturbation that exchanges the district numbers
D, and D, of two GUs, each on the D, -D, district boundary.

3Vanneschi et al. did not specify how hill climbing should be done, so we
opted to perform no more than 250 perturbations.

“Details on the weighted random selection can be found in [30].

SA subgraph is an enclave of district D if the subgraph is completely
surrounded by clusters assigned to district D or if the subgraph par-
tially comprises the boundary of the state but still only borders clusters
assigned to district D.

In Algorithm 4, clusters are used for the district building blocks. The
modification for VNSGA-II SI uses GUs.

7An optimal district relabeling relabels the district numbers to maximize
the number of overlapping GUs in the two plans.
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TABLE A1 | Nondominated plans in Cluster-NSGA-II (Py ). 28 5 77869 0.691 11
29 33 15005 0.75 22
Pop Compactness County
Trial Plan dev (PD) (PP,) splits (CS)
0 4 364 609 0.669 16
0 5 28911 0.729 13
0 15 35665 0.711 13 TABLEA2 | Nondominated plans for Vanneschi et al. (P, ;).
1 0 847911 0.686 8
1 32235 0.725 13 . Pop County
Trial Plan dev Compactness splits Source
1 11 210011 0.702 7
3 5 21861 0.767 13 0 0 7091 0.7 33 Van_VI
3 3 211385 0.692 10 0 2 5833 0.785 31 Van_VI
3 31 20541 0.74 19 13 0 100579 0.675 32 Van_VI
4 1 19989 0.775 12 13 5 63081 0.682 28 Van_VI
4 13 313155 0.691 10 13 6 54695 0.684 23 Van_VI
5 1 17103 0.771 14 13 7 75847 0.681 30 Van_VI
3 12 6577 0.809 19 13 8 40351 0.685 32 Van_VI
3 16 16 587 0.771 18 13 9 91313 0.679 30 Van_VI
9 29 24739 0.71 18 13 11 39319 0.689 28 Van_VI
10 3 48163 0.737 9 19 0 1441335 0.671 24 Van_VI
10 7 22561 0.725 15 22 1 1983 0.792 30 Van_VI
11 13 36489 0.748 10 24 0 32119 0.693 30 Van_VI
11 14 39359 0.716 1 24 1 1611 0.805 27 Van_VI
11 17 12335 0.775 15 24 4 25421 0.698 26 Van_VI
12 1 171749 0.719 3 24 5 25471 0.694 30 Van_VI
12 19 7689 0.758 19
(Continues)
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TABLEA3 | Nondominated plans in Vanneshi et al. (P, ).

TABLE A5 | Similarity scores and run times for each trial in
Pop County VNSGA-II VI.
Trial Plan dev Compactness splits Source
Trial Pareto Number of Similarity Run
3 3 11341 0.695 26 Van_SI number set size plan pairs score time (s)
3 6 23397 0.69 25 Van_SI
0 4 6 0.946 109 535
3 7 20427 0.691 25 Van_SI
1 5 10 0.644 113090
4 0 3839 0.721 29 Van_SI
4 4 8143 0.708 28 Van_SI 2 16 120 0.910 126832
4 5 8171 0.706 28 Van_SI 3 14 o 0.740 110050
9 0 2107 0.774 31 Van_SI 4 12 66 0.833 120216
9 2 2451 0.738 31 Van_SI 3 7 21 0.986 109283
1 1 15221 0.692 29 Van_SI : L 153 0.769 119839
13 0 957 0.788 29 Van_SI 7 10 45 0.716 96093
13 6 1485 0.785 29 Van_SI 8 1 55 0.763 129612
13 7 1169 0.786 29 Van_SI 9 15 105 0.732 134932
19 0 4993 0.71 24 Van_SI 10 20 190 0.897 129211
21 2 23405 0.689 24 Van_SI 11 8 28 0.904 103786
21 5 28727 0.676 23 Van_SI 12 10 45 0.755 100174
13 13 78 0.982 104987
14 10 45 0.776 102495
Appendix B: Similarity Scores and Run Time 15 6 15 0.806 102892
16 19 171 0.821 100 670
TABLE A4 | Similarity scores and run times for each trial in
Cluster-NSGA-IL. 17 21 210 0.792 105288
18 24 276 0.827 100925
Trial Pareto Number of Similarity Run
number set size plan pairs score time (s) 19 5 10 0.769 95958
20 10 45 0.803 103929
0 24 276 0.611 50172
1 24 276 0.626 44204 21 13 78 0.853 104 515
5 36 630 0.612 49104 22 9 36 0.814 103881
3 35 505 0.630 51589 23 11 55 0.950 106 086
4 32 496 0.618 49189 24 6 15 0.955 98613
5 25 300 0.636 52589 25 11 55 0.981 100091
6 24 276 0.613 50584 26 16 120 0.877 106 564
7 34 561 0.617 48149 27 14 91 0.738 98949
8 27 351 0.623 50524 28 11 55 0.650 102999
9 33 528 0.620 60031 29 9 36 0.715 111061
10 22 231 0.630 55419
11 22 231 0.613 57614
12 23 253 0.626 47909
13 16 120 0.628 49 664
14 32 496 0.632 55000
15 37 666 0.617 54 569
16 36 630 0.622 60038
17 39 741 0.624 48 503
18 36 630 0.622 50361
19 28 378 0.621 62017
20 23 253 0.630 55107
21 39 741 0.625 55853
22 33 528 0.608 54894
23 42 861 0.620 58134
24 30 435 0.632 53990
25 36 630 0.627 52118
26 48 1128 0.627 52266
27 27 351 0.624 51529
28 41 820 0.629 60551
29 36 630 0.630 59496
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TABLE A6 | Similarity scores and run times for each trial in
VNSGA-II SI.

Trial Pareto Number of Similarity Run

number set size plan pairs score time (s)
0 10 45 0.940 110060
1 6 15 0.989 101 866
2 10 45 0.972 99935

3 8 28 0.886 117515
4 6 15 0.985 106 302
5 8 28 0.968 110277
6 4 6 0.819 105393
7 4 6 0.975 106113
8 8 28 0.990 108209
9 9 36 0.985 158297
10 6 15 0.997 169 807
11 5 10 0.991 159 894
12 9 36 0.755 102789
13 8 28 0.963 109 268
14 10 45 0.941 114 229
15 8 28 0.966 119648
16 5 10 0.973 111145
17 14 91 0.751 108072
18 7 21 0.868 110644
19 5 10 0.987 102458
20 4 6 0.971 105188
21 7 21 0.965 117265
22 8 28 0.957 155169
23 7 21 0.687 166 037
24 7 21 0.946 162231
25 6 15 0.949 120364
26 5 10 0.825 110195
27 4 6 0.960 111865
28 6 15 0.792 115073
29 4 6 0.997 125717
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